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The gravitational force is assumed to be mediated by spin 2 gravitons which are composed of four 
spin 1/2 (sub-) fermions. The dynamics is governed by a nonlinear spinorfield equation with nonper-
turbative Pauli-Villars regularization and canonical quantization. On the quantum level the fermion 
dynamics is expressed by a functional equation for algebraic state functionals, and the "graviton" 
(functional) states are defined to be solutions of the diagonal part of this equation. The effective 
interaction between such graviton states and fermions is studied by means of a weak mapping 
between the original functional equation and an effective functional equation for gravitons and 
fermions. In the low energy limit this mapping produces for the effective fermion dynamics (apart 
from selfinteractions) a Dirac equation in anholonomic coordinates coupled to the anholonomic 
connections of a gravitational field, i.e. the usual phenomenological expression for a gravitational 
force acting on spin 1 /2 fermions. 

PACS 04.50 Unified field theories and other PACS 11.10 Field theory. 
theories of gravitation. PACS 12.10 Unified field theories and models. 

PACS 04.60 Quantum theory of gravitation. PACS 12.35 Composite models of particles. 

1. Introduction 

The gravitational force acts indiscriminately on any 
kind of matter or energy. Thus it also affects the mate-
rial or energetic standards of length and time, and 
their deformation leads to a violation of the postulates 
of Euclidean geometry. Therefore the gravitational 
force is closely linked with geometry. The first geomet-
rical theory of gravitational force is due to Riemann 
[1]. The presently accepted geometrical standard 
theory of gravitation is due to Einstein [2] and Hilbert 
[3] who started from different premises but ended up 
with the same conclusions. With the discovery of the 
quantum formalism this geometrical theory of gravi-
tation ran into difficulties, as the Hilbert-Einstein 
Lagrangian leads to a nonrenormalizable quantum 
field theory. Thus, by this purely formal reason, in the 
last decades numerous approaches were made to re-
place the Hilbert-Einstein Lagrangian by a Lagrangian 
of a renormalizable quantum field theory and to ex-
plain conventional gravity as a limiting case of such 
new theories. The most prominent representatives of 
such theories are supergravity, strings, superstrings, 
etc. Apart from the fact that none of these theories 
have ultimately succeeded, the most important prob-
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lern is not the formal nonrenormalizability but rather 
the question: what does quantized geometry mean? 

If geometrical gravitational theories are taken 
seriously, their extension into the quantum domain 
means that any microscopic process immediately 
changes the geometrical frame apart from the statisti-
cal fluctuations of the metric. This all penetrating 
flexibility of geometry is in sharp contrast to basic 
assumptions of quantum theory. In order to exist, 
quantum theory needs conservation laws providing 
the basis for quantum numbers. If by a totally flexible 
geometry all conservation laws are destroyed there are 
no quantum numbers and no quantum theory. On the 
other hand, quantum theories of microscopic phe-
nomena are the best established theories that ever 
existed. Thus one has to conclude that geometrical 
theories of gravity are only compatible with quantum 
theory if they are referred to fixed frames of reference 
allowing the formation of conservation laws and quan-
tum numbers. This does not mean total geometrical 
rigidity, because related with the material or energetic 
distributions one has to define "effective" metrics, but 
it means the primacy of quantum theory over flexible 
geometry. 

This point of view was already emphasized by Ed-
dington [4], and thoroughly discussed by Dehnen, 
Hönl and Westpfahl [5]. Recently essential contribu-
tions were made by Borszeszkowski and Treder [6] 
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and by Audretsch, Hehl and Lämmerzahl [7], Apart 
from these basic discussions numerous proposals were 
made about gravity theories with fixed (unobservable) 
background metric and observable effective metric. 
The drawback of such approaches is in general their 
ad hoc character. By fixing the background metric, 
gravitation is formally described in terms of conven-
tional (quantum) field theory and it is likely to expect 
a structural incorporation of gravity into the family of 
the other elementary forces. An attempt in this direc-
tion was made by Dehnen and Ghaboussi [8] who 
formulated gravitation as a gauge theory in terms of 
elementary particle physics. 

An alternative systematic approach in this direction 
is fusion theory: All elementary forces including grav-
ity are to be explained by the formation and interac-
tion of elementary spin 1/2 fields. For relativistic par-
ticles this hypothesis was inaugurated by Eddington, 
Jordan and Heisenberg [9] who assumed the photon, 
i.e. the carrier of the electromagnetic forces, to be built 
up from a positive and a "negative" electron, i.e. spin 
1/2 particles. Subsequently de Broglie [10] put forth 
the proposal that the photon is composed of a neu-
trino and an antineutrino and generalized this ansatz 
to include fusions of spin 1/2 particles to higher spin 
states. For instance, the graviton - the carrier of the 
gravitational force - was assumed to be a spin 2-state 
composed of four spin 1/2 fermions. The numerous 
investigations of such states were made by equations 
which described local fusions of spin 1 /2 fields and led 
to free local composite one particle states. Such equa-
tions are for instance the Bargmann-Wigner equa-
tions. Recently there has been a renewed interest in the 
group theoretical analysis of graviton states resulting 
from Bargmann-Wigner equations. Rodriguez and 
Lorente [11] showed that such gravitons have proper-
ties wich lead to vanishing curvature or trivial gravity. 
However, this difficulty can easily be removed if the 
graviton states are assumed to be multilocal. In addi-
tion, one needs nontrivial interactions. Both these re-
quirements can be satisfied if one defines "graviton" 
states in the framework of a nonlinear spinorfield 
quantum theory, as was for instance proposed by 
Heisenberg [12]. The evaluation of such nonlinear 
spinorfield quantum theories depends on the ability to 
formulate a composite particle effective dynamics. An 
algebraic treatment of composite particle dynamics 
for quantum fields was recently developed [13]. In this 
paper we apply this theory to the problem of the 
interaction of "gravitons" with spin 1/2 fermions, i.e. 

to the derivation of the gravitational force exerted on 
elementary spin 1/2 fermions. This problem is the 
most simple problem one can treat within the realm of 
spin fusion theory of gravity. A first outline of gravi-
ton selfinteraction was given in a preceding paper, 
where also additional references are given [14]. Com-
pared with this previous paper, the discussion per-
formed in this paper is based on a more detailed 
evaluation of the wave functions involved with this 
problem. The comparison with phenomenological 
theory is done by means of a lucid derivation of tetrad 
gravity and fermions given by Hehl [15]. 

2. Spinorfield Quantum Dynamics 

The basic subcomponent fermions of our model are 
described by Dirac spinors which satisfy the following 
regularized nonlinear spinor-isospinor equation: 

= 9 Vtfy? «AßB(x) M * ) **d(x) (1) 

with 
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By applying the decomposition theorem [16] to (1), we 
get the following equivalent set of nonlinear equations: 

mJaß<pßBi(x) 

= g^i £ KAßByCiD (PßBkix) VyCl(x) (p6Dm(x) (2) klm 

with 

<P*Ai(x) = A; [ ( i / -mi + l)(iyvdv- mi + 2)]xß iJ/ßA(x), 

h := K ~ mi+1)~1K- - -1)~ i= 1, 2, 3 cyclic, 
3 

taA(x)= Z (PaAi(x) 
i= 1 

which allow the application of the canonical quantiza-
tion procedure. The A,- fullfll regularization conditions 

= 0 . (3) 
i i 

If we use the charge conjugated spinor cpxAi instead of 
the adjoint spinor (pxAi and furthermore introduce the 
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definitions 

Z : = (a, x, 0 , 

D"Zlz2-=iyaia2 SX1X2 Öili2, 

we can combine (2) and its charge conjugated equa-
tions into one equation 

~ mZiZ2) <pz2 (r, t) 

= I U l {z2z3z4}as <t>z2 (r, t) 023 (r, t) 0 Z 4 (r, f), (4) 
h 

and the canonical equal time anticommutator reads 

{</>Zl(rl5r), <t>z2(r2,t)} = AZlZ2S(r1 -r2), 

K t2 yt1X2(Cy\a2. 

The quantum dynamics of the spinorfield is formu-
lated by means of generating state functionals and 
corresponding functional equations. The quantum 
states {I a ) } of the spinorfield are characterized by the 
set of matrix elements 

aH(rl,Zl,...,rH,ZH\a) (5) 

: = < 0 \ s f { I « ) » n = l , . . . ,00 

for equal times t1 = . . . = tn = t, where s / means anti-
symmetrization with respect to the set of indices 
{(»*!, Zt)... (r„, Z„)j, and the corresponding generat-
ing functional states are defined by 

£ J-ja„(r1,Z1...rn,ZJa) 
n=0 nl J 

jz1(r1)...jZn(rn)\OyFd\...d\. (6) 

For these functional states corresponding functional 
equations can be derived. But we do not explicitly 
write down these equations because for the derivation 
of composite particle dynamics the functional states 
(6) are not the appropriate starting point. 

In order to relate the original field theory of the 
spinorfield to composite particle dynamics it is neces-
sary to remove vacuum expectation values from (6), as 
otherwise a composite particle interpretation of func-
tional states would be impossible. For the case under 
consideration it is sufficient to remove only fermion 
propagators. This will be justified in the following 
sections. The removal of fermion propagators can be 
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performed by transition to "normal" ordered func-
tional states with 

\^}:=ZF[j]\^y, (7) 

ZF[j] = exp{ i \jz(r)F(r, r')zz. jz.{r')d3r d V } . (8) 

For brevity we introduce a collective index I := (r, Z) 
and write for 

mj,a)>:= £ 4 (Pn(I1-J„\a)jIl...jIn\OyF, (9) 
n = 0 nl 

where the summation convention replaces integra-
tions, etc. Then we get as a compact formulation of the 
spinorfield dynamics the functional energy equation 

Ea0\^(j,a)> = KIll2jIldl2\^(j,a)> 

+ Z Ki2I>I< {.h, K d i 2 - 3 F I* IJIJI d ' 3
 d i 2 h 

+ QFl4lFl3l.+iAl4lAl3l.)jIJIjrdl2 (10) 

-(Fl4lFl3r+i AlAlAl3l.) FIir j j J j j j . j j . . } \ a)> 

with 

Fao : = Fa — Eo . 

KIll2 := iD°ZlZ(DZZ2 • Vri - mZZ2) 6(rt - r2), (11) 

Ki2i3/4 := iDlz Uh
Z{Z2Z3Z4)as S(r, - r2) S(r, - r 3 ) 

AIll2:=AZiZ2ö(ri~r2). ^ ( ' i - r J . 

With respect to the definitions of functional states and 
the derivation of functional equations we refer to pre-
ceding papers. 

3. Weak Mapping with Gravitons 

In accordance with [14] we consider the appearance 
of the gravitational force as a composite particle effect. 
In this picture the gravitational force is excerted and 
mediated by spin-2 bosons which are assumed to be 
generated by four subfermion hard-core bound states 
of the spinorfield (1). As a consequence, the dynamical 
equations which characterize gravitational forces 
have to be derived as effective theories resulting from 
the spinorfield (1). The means for the derivation of 
effective theories is weak mapping. 

Exact weak mapping theorems were derived for the 
two-fermion hard-core bound state dynamics [17] and 
for the combined two-fermion and three-fermion hard-
core bound state dynamics [18]. These theorems lead 
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to rather complicated effective theories. If exchange 
effects between the bound states can be approximately 
neglected the effective dynamics becomes essentially 
simplified and can be derived by a short-cut functional 
calculation technique [19]. By this technique weak 
mapping was originally introduced, and one can treat 
any kind of composite particle configurations. Hence 
we apply it to gravitational boson mapping. 

As we will see, the weak mapping with four (sub-) 
fermion bound states simultaneously enforces the 
introduction of dressed fermions instead of bare 
fermions. Hence in the simplest case we have at least 
to discuss a combined graviton-dressed fermion sys-
tem. In this section we treat the formal aspects of its 
effective dynamics. 

According to the short-cut calculation technique 
we define weak mapping by a transformation of the 
sources { j j } of the generating functional state (9). In 
full generality this transformation should deal with 
dressed particle states. The formal theory of dressed 
particle states was developed in [20] and [13]. They are 
assumed to be solutions of the complete functional 
equation (10) and thus contain an infinite number of 
polarization cloud terms induced by a hard-core wave 
function. To circumvent the difficulties connected with 
this infinite number of polarization cloud terms one is 
forced to consider only the lowest order in this expan-
sion. This can be justified by estimates of the contribu-
tions of the polarization cloud terms to the total state 
norm and will be demonstrated for dressed fermion 
states in the following. 

In the case under consideration the lowest order of 
the weak mapping transformation reads for gravitons 

I ll l l i i 4 . . . . IA 
Ö 4.k- = C 4,fc JlJl2Jl3Jl 4 U2) 

and for fermions 

/ i ,k : = C ^ J ^ + C ' r t ^ j t J t J ^ (13) 

and leads to transformed source operators {b4 k} for 
hard-core gravitons and { / 1 J t } for first order dressed 
fermions. 

Except for a center of mass part, which will be 
specified in Sect. 4, the set {C'^ 2 ' 3 ' "} is assumed to be 
a set of solutions of the corresponding four-fermion 
hard-core equation which is defined as the diagonal 
part of (10), while the set {C[l

k, C[lI
k
2li} is assumed to 

be a complete set of first order solutions of the full 
equation (10) in the spin 1/2 and fermion number 1 
sector of the states (9). 

Apart from bound state solutions the set of states 
{ C ^ 2 ' 3 ' 4 } also contains scattering solutions. Due to 
large fermion masses and the decoupling theorem the 
scattering solutions will be suppressed in the final 
evaluation of weak mapping results. But for general 
considerations we refer to the complete set {c[l!

k
l3lA}. 

To carry out weak mapping, in addition to the 
primary sets { C ^ 2 ' 3 ' 4 } , {c[]k, C1^2'3} their duals 
{R1'XI3I<}> {RLI[K' ^/i/2/3} a r e n e e ded . These dual sets 
are defined by orthonormality relations for dressed 
particle states [20] and lead in the lowest order ap-
proximation for graviton and fermion states to the 
relations 

R][k C[\r+ R]'Xh C[\[2h = <5liJki (14) 
and 

^1/2/3/4 C4,Jk' — °4,k,4,k'-

Furthermore, the inverse relations to (14) and (15) read 

J i ^ Z R l S f u k , (16) 
k 

jiJi2ji3=T.Ri[i2i3fi,k > ( I 7 ) 
k 

i l j l j l j l , = I K/i/2/3/4 b^k . (18) 
k 

In specializing the general formulae [13] to (14)—(18) 
we have omitted all other kinds of particles which do 
not contribute to the graviton-fermion interaction. 
Furthermore we remark that in the present case we do 
not need the graviton duals R4k, i.e. the completeness 
of the graviton states C4,k. 

We assume that the generating functional state of 
the combined graviton-fermion effective theory is de-
fined by 

I m / , a ) > : = Z 7 7 —7 (19) 
m,z /! ml 

• 0{k1...km,h1...h,\a)bAiki...b^km 

and that the transformation (12), (13) induces a re-
arrangement of the original generating functional 
state (9), i.e. (19) describes the same state as (9) but only 
formulated within another frame of reference. This 
can be expressed by the invariance relation 

| ^ U a ) > = i m / , « ) > . (20) 

If we write (10) in the compact form 

J f ( / , d) 12F(j , a)> = Ea0 a)> , (21) 
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then the transformation (12), (13) induces a transfor- fermion derivatives acting on | & ( b , f , a)>. In lowest 
mation of the functional energy operator d) and order the functional derivatives of k and f l k are 
(21) is transformed into 

ö Ö 
X [ b J , 

Sb' Sf 

di *>4,k = 4 C"2
k
l3'4jl2jjJl4, 

\<$(b,f,a)} = Ea0\<Z(b,f,a)>. (22) ^J fl.k — Cl,k » 

(24) 

(25) 

and by repeated application of d j higher derivatives of 
The transformation of j f is generated by the func- b^ a n d f y fc c a n be derived. In transforming J f ( ; , d) 
tional chain rule and by (16), (17), (18), apart from b y m e a n s o f £3), (24), (25) and corresponding higher 
higher order polarization cloud terms. This chain rule derivatives, we omit all monomials jIi.. .jIn for n > 4, 
reads 

ö Ö "1 
Kk) T T - + (Si fl.k) 1 7 - i m f a)} , 

as these monomials are connected with higher order 
(23) polarization terms which have only very small norm 

contributions. 

Sb 4 ,k 

and repeated application yields d r d j \ ^ ( j , a)} and bAk — bk, f1<k—fk, 
d j - . d j . d j l ^ i j , a)) in terms of boson and dressed 

For brevity we introduce the following symbols: 

S ^ S 
= db

k, = (26) 
4 , k ö f l , k 

Using this notation we then obtain with (16)—(18) 

J T (5, j ) | a)> = KUI. [4 Rt'J2i3i4 K db
k + C ' / , , Rj;'' fv d{] \ 9(b, f , a)> 

+ Z K I 2 I 3 I . { 3 6 C ' r t 1 ' " C ^ R ^ f . d{ db
k- Cl2

v Rf*rr d{. d{ bk. d\ 

-CtC1^. Cl2
r R t f f j d f . d f . d f 

- 3 F / 4 / [12 CW" R*[II J" bk. db
k + c[2, C[3

r Rtf R l ' / f j f j , d f . d f ] (27) 

+ (3 FIAI F / 3 / , + i AL4L AI}I.) Rtf Rtf' R y f j f j . f r c £ , df 

~ (FI4I FL3L. + i AIAI A I I V ) FL2L.. R t f R ^ ' R y R t f " ' f f y f y . f y . ) \ $ ( b , f a)} . 

We apply the equation 

Eao f , a)> = i [bk A ft + f l A d f j m b t f t a)y (28) 

and go back to the original functional equations by collecting all terms linear in bk or / , , respectively, and by 
fulfilling the corresponding expressions separately. This gives the boson equation 

- i - d b \ T > = K I i r 4CZ2'3'4 Rf j2l3l4 d i m (29) 

+ Z KI2I3I< { - 1 2 C £ T e f t c £ r RTJRR df df db. - 36F I a I Cft'1" R^Jrr db) |S> 

and the fermion equation 

(30) 

+ Z {36C1;!;11" Cl2
v R t f r r df db - Ci:, Cuv C j r Rtf d f . df d{ 

~ 3 F u l Cl2j C[3j. Rtf Rtf fv d'y df + (3FU I Fl3,. +1 AIAI AHI.) Rtf Rtf R):j c[2
v fy f r d{. 

~ (FIaI F,3l. + i AIAI AL3L.) Fl2l.. Rj;1 R] j R\:? R ] : / f j fy fy.} \ . 
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We are not interested in the selfinteractions of dressed fermions. Rather we are exclusively interested in the 
covariant coupling of gravitons to fermions. Thus we study only the linear parts of (30) 

g 
_ i df m = K c[ v R};' + X W/il2l}l4 36C'rt1 '1" c £ r R\[\r d{, d»k |S> (31) 

or h 

and evaluate them in the following sections. 

with 

4. Graviton States 

To evaluate the graviton-fermion coupling term in (31), the graviton "wave-functions" { C ^ 2 ' 3 ' 4 } and the 
dressed fermion "wavefunctions" {C[]v, C\ljl3} with their duals {R][l, R/jl2 /3} are needed. With respect to the 
graviton states the calculations are easier because in contrast to fermion states their duals are not required. 
Hence we start with graviton state calculations. 

Due to our suppression of all higher order polarization cloud terms for graviton states it is sufficient to take 
into account only their hard-core parts. These hard-core wavefunctions { C l ' ^ 3 ' 4 } are solutions of the diagonal 
part of (10) in the four-fermion sector. The diagonal part of (10) reads 

EA0 l ^ t t «)>d = L/j, KTLL2 dl2 - 3 WIIL2L3L4 FIaK jh jK dl3 dl2] 1 3 F < J , a)Y (32) 

with a corresponding "diagonal" = hard-core functional state \&r{j, a))d . 
Due to the algebraic degrees of freedom which are contained in the symbolic indices / of (32), even for the 

low fermion numbers n = 2, 3, 4 (32) is rather complicated. However, these complications can be reduced if (32) 
is related to its covariant counterpart equation 

KIll2 Sl2\ a))d = 3 WJil2l3l4 Fl4JK Sl3 Sl2\ß(j, a))d (33) 

K J l l 2 := (£>^z2 d ß l - mZlZ2) <5(xx - x 2 ) , 

•= I/J-ii ^ili2(75)xix2 [ ( - iye dei + mh) C]a ia2 A(xl-x2, mh), (34) 

WIll2hl4 := Z ^zl{z2z3z4i <$(*i - x2) ö(x1 - x3) <5(xx - x4) 
h as 

and covariant source operators jj = jz(x), Sj = dz(x). 
The hard-core functional states for n = 4 are defined by 

4, a))d := ~ c p W ' 1 * h j i j i j u I0>f (35) 

or 

! # ( , ; 4, a))d := ~ I j J J J X | 0 ) f , (36) 

respectively, where in (35) I = (Z, r), while in (36) I = (Z, x). 
The relation between (33) and (34) and between (35) and (36) can be established by corresponding theorems 

which for n = 2 were given in [21]. Their generalization to n = 4 is straightforward, so we do not explicitly 
discuss it. 

The explicit solution of (33) can be achieved by application of a reduction technique developed in [22]. 

If we consider the four-dimensional Fourier transform <p4 a ( ^ j of (p4 a in (36) we can define the 
following contractions: ^ 1 2 3 

(PALI I<?3> 9 4 ) = J D41 <PA(*I> 41 - 1><L3 . « 4 ) » ( 3 7 ) 

«31) (38) 
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where for brevity we omitted the Z-indices. Then by means of this reduction technique, from (33) an integral 
equation for <p 4 , a (9i ,9 3 | ) can be derived, and knowing this function the full (p^a{qxq2q^q^) c a n b e recon-
structed. We do not prove the corresponding theorem but refer to [23]. Even this contracted integral equation 
is not exactly soluble. 

To properly approximate the wavefunctions of (33) we only consider a submanifold of solutions. As we will 
investigate gravitational effects we are in particular interested in four-fermion spin-2 states which can be related 
to the tensor expressions of relativistic gravity theory. 

The restriction to spin-2 states suggests to imagine these states as being composed of two spin-1 vector states, 
i.e., we consider the four-fermion spin-2 state as a bound state of two vector bosons. In order to utilize this idea 
for an approximate calculation of the four-fermion states we further assume that in spite of their fusion the 
internal wave functions of the vector bosons are approximately conserved. In this case the remaining task is 
the calculation of the wavefunction for the center of mass motion of both bosons, i.e., the solution of the integral 
equation (33) or its contracted version, can be reduced to the calculation of this wavefunction. 

The wavefunctions of the single vector bosons are given in [24], and with FMV := AM/cv the Fourier transform 
can be written as 

(Piili'li)*^ = TJiX2 ö(k-qi- q2) {,4vuv(9i - q2)ai0l2 + F„v v^{qx - q2)ai0l2} 
' ' hit iiit 

(39) 

with 

P2 _ . _ V P 2 - A ' W p 2 

*1*2 
iih 

=: Atih(p)(yvC)aiX2, 
(40) 

=:Diii2(p)(Z»vC)aia2 (41) 

in leading term approximation, i.e. with omission of internal /c-dependence and internal angular momenta. 
If two of these wavefunctions are combined to form a four-fermion bound state, we assume that the internal 

wavefunctions (40), (41) remain unchanged. Then we apply the following ansatz for the four-fermion spin-2 hard 
core states: 

9 2 4 3 ^ ) Z I Z 2 Z 3 Z 4 = K D L TJiX2 TJ3X4 S(k-ql-q2-q3-q4) 

X {"v(9i - 9 2 ) a i a 2 ""(93 - 9 4 W 4 9MV[(9i +92) - (93+ 94)] 
»1«2 h'4 

+ uv(q, - q2)aia2 vae(q3-q4)a3a4 Fv[(Je] [(^ +q2) - {q3 + qj] 
il'2 i 3«4 (42) 

+ Vvx(ql-q2)aia2 - q4)a3a4 F[vx]/1 [(q1+q2) - (q3 + qA)] 
>1«2 »3«4 

+ ^ X ( 9 i - 9 2 ) a i a 2 vae(q3- q*)a3a4 R[vx][ae] [(9i + 92) ~ (93 + 94)]} 
•ih hU 

with a = (k, s = 2); for brevity we suppress s = 2 in the following. Substitution of (42) into the contracted integral 
equation leads to a set of integral equations for the calculation of the unknown boson-boson bonding tensor 
functions gMV(z), F v [ < t c ] ( z ) , r[ae]v(z), R[vx][ae](z). In deducing these integral equations we eliminate the spinor 
algebra by projection. 

As for weak mapping we are mainly interested in this spinor algebra, we can use a further approximation 
for the calculation of the tensor functions. By applying the mean value theorem on the right-hand side of these 
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integral equations we obtain the following set of equations in the leading term approximation: 

A'1 

' » M = ~ S J d V H ~ Z ) W 
d 4 z A [ l _ z \ A ( l + z ) QMV gu,v,(0\k), (43) 

rv[<,0](p) = 
1 

(2 n)
4 

2(16 y 
d4z A I — — z ] A + z)Q;:e

e r[v.ale.(o\k), (44) 

r [ ao ] v(p) = -

[/i V] [cr e] (P) = 

2igv 

(2 Ti)4 

igv 

d * z / - ^ - Z , - z r ] v(p) + ig, 
(27t)4 2 (16)2 d 4 z i ^ 

/ID 
(2 7r) 4(16)' 

(45) 

(46) 

with 

and 

A(P):=Z Aiii2(p); A := j d4p A(2p), 
h «2 

D : = Z j d 4 p Diii2(2p), (47) 
il h 

— pq + rri: mf 
f(q, P) = X ^ Ai2 2" * , (48) 

Q Z (49) 

QVOQ -= TIL TIE IV las(<7, e) ' 
as(<r\ v') 

K M l as(<re) ' 
as(/iv) 

while the quantities (50) 

*(01 fc) := {<?„ v(01 fc), fv [ f f c ] (01 fc), v(01 fc), 1 fc)} 

are the bonding tensors at the origin in four-dimen-
sional coordinate space. Due to the four-dimensional 
translational invariance of (33), the four-momentum fc 
is a good quantum number of the states (36), and 
therefore the set X(0|fc) has to depend on fc. 

The bonding tensors X(0|fc) can be considered as 
the center of mass amplitudes of the graviton with 
momentum fc. If we resolve (43)-(46) with respect to 
X{p\k) and substitute the resulting expressions into 
(42), then (pi^2 '3 '4 is represented by explicitly given 
functions and the center of mass amplitudes. 

It is one of the principles of weak mapping to con-
sider the center of mass amplitudes as the new dynam-
ical variables of the effective theory for the composite 
particles. Thus we do not determine the bonding ten-
sors -£(0|fc) by their eigenvalue equations resulting 
from (33) or approximately from (43)-(46), but allow 
their unrestricted variability in order to fulfill the 
dynamical equations of the corresponding effective 
theory. 

The fact that the center of mass amplitudes are 
considered as the dynamical fields of the effective 
theory enforces a discussion of their physical meaning. 
In the present case the X (01 fc) arise from spinorfield 
products. Therefore it is obvious to assume that 
X(0\k) have to be identified with anholonomic quan-
tities. For anholomomic coordinates the metrical ten-
sor is rjßV. Hence, if in accordance with the back-
ground field formulation of Sect. 1 we consider 
<^v(0|fc) as the effective field correction to the back-
ground metric in anholonomic coordinates 
^ v (0 | fc ) has to vanish, ^ v (0 | f c ) = 0. This requirement 
is compatible with (43). But due to (46) it also enforces 
R ß x a e = 0. The latter consequence does not mean that 
RßV„e vanishes at all, because Rflvoe was only con-
structed in leading term approximation. Taking into 
account the contributions of orbital angular mo-
menta, in (46) Rßvae would couple to FV[(T(?] and rl9Q]v 

and thus would not vanish. However, compared with 
the leading terms, the orbital angular momentum 
terms are much smaller. Therefore, from the beginning 
we do not take into account these jR-terms in the weak 
mapping procedure. 

So, from all terms of X (01 fc) we have to take into 
account only the Fv[(Te] and r [ a e ] v terms. But even these 
terms can still be reduced. So far we have done our 
calculation without antisymmetrization. If we antisym-
metrize the ansatz (42) with the subsidiary conditions 

= = t h 5 remaining terms for Fv[<T(?] and 
W are equal if f v [ a e ] = f [ a e ] v . Although there is a 
slight difference between (44) and (45), this difference 
does not alter the spin algebra. Hence for a first explo-
ration we restrict ourselves to Fv[(Te]. 

Under these assumptions we Fouriertransform (42) 
into coordinate space and obtain for equal times t1 = 
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t2 = t 3 = t 4 = 0 the function 

4, k (ri r2 r3 r^)ziz2z3Z4 

— Na2 T j T <?-iT<" + "+"+r«> — j>4yv
 i*ix2 X3X4 e 

/a3a4 
»3»4 «1»2 

• / ^ ( i f r i + ' a M f o + O ) . (51) 

By means of (44), (47), (48), direct calculations yields 

rvlae](r) = v(r)fv[ae](0\k) (52) 

with the regular function v(r) which is given for mr > 1 
by 

v(r) = iz0gm~x r e~ 4 m r , z0 e R , (53) 
and 

fv[ae](0\k) = f[v.ale.(0\k). (54) 

Furthermore, according to [14] we assume T j = T ' = C 
and define 

•l>2 

«3<4 

Then we obtain for (51) 

(55) 

= C 4 ( r 1 . . . r . 

with 

C 4 ( r 1 ...r. 

v,°QJzx...z 4 
Tv[ffc](0|/c) (56) 

v>OQJzl...zA 

= N4g2CXiX2 CX3X4(fC)Xia2(Z°°C)a 

• e 
-i-r (rl + r2 + r3+ rj -j 

( ' i - ' a ) ) 

D i 3 iM ('3 - ^ ('1 + r2) - i (r3 + r4)). (57) 

To see the role played by the dynamical center of mass 
amplitude (54) we consider a special case of (20), 
namely 

i (58) 

— <P*,k(Ii- U) hr- Ji< 10>, = Ö(/1 A)v,„ 10> 

with 
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On the other hand we obtain with (56) and (12) 

Jf (PA,kVi ••• '4) I°>f 

v, eg. rv[ae](°\k)jir-ji<\°>F 

(59) 

Comparison of (58) and (59) leads to 

Hence the transformation matrices of (12) have to be 
identified with (57). This is of course only a heuristic 
interpretation. A rigorous deduction postulates (57) to 
be the transformation matrix of (12). Then the expan-
sion coefficients of (19) are interpreted as matrix ele-
ments of corresponding phenomenological field oper-
ators which are assumed to be the quantized center of 
mass amplitudes. 

Finally we want to emphasize that (57) has to be 
antisymmetrized. Due to the various subsymmetries 
and subantisymmetries the number of independent 
terms is reduced to six, as will be shown in section 6. 

5. Dressed Fermion States 

The calculation of the (first order) dressed fermion 
states can be performed along the same line as that for 
the boson functions. Again we consider the covariant 
multi-time functional equation and derive the energy 
equations as well as its solutions by a one-time limit. 
However, for dressed particles we need the full covari-
ant functional equation. This reads 

K i . * ) > = Kl*3/.3IJiJI2\^(J>«)> (60) 

with 
Zi = 8 j - P i r j r (61) 

and definitions (34). By a one-time limit, (10) can be 
derived from (60). 

In the lowest order of the covariant polarization 
cloud we represent the dressed fermion state by the 
functional 

*)> = <PIJIl\0>F-—<PII2I3LJ
i
JI3\0>F . (62) 
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If we substitute (62) into (60) and project (60) into 
configuration space we obtain 

( D h 2 - ™ixI2) <M' 2 ) = 0 % W 4 (63) 

and 

W L L 2 DF, — M I I L 2 ) <P3(N1 N 2 I 2 ) 

= {[FIANI F,3„2 - FIANI FI3NI] (PL ( I 2 ) 

- iv2 ^ 3 ( ^ / 2 / 3 ) + FIINI <P3(N2I2I3))} , (64) 

where in (64) we suppressed the (p5-term due to our 
three source approximation in (62). In the same way, 
due to this approximation we also suppress all higher 
order equations for (pr with r > 3 which result from 
(60). 

For a straightforward integration even these re-
maining equations (63) and (64) are too complicated. 
For a first inspection we apply an iteration procedure 
which we break off in the lowest order. We denote the 
lowest order functions by and <p° and define the 
lowest order equations by 

(Dll2dfl-mIil2)<p°l(I2) = 0 (65) 
and 

(DflJa d ß - M I I L 2 ) <P3 (NL N212) 

= 30 FIIN2 - / U A n J M J • (66) 

The other terms in (63) and (64) which do not appear 
in (65) and (66) are taken into account in the first 
iteration step. 

Equations (65) and (66) can be directly integrated. 
While is a Dirac superspinor, (p 3 is given by 
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(69) and obtain 

N 2 N 3 ) = J J {3GN3LL WIIL2L3L4 [FLANLFHN2 

~ FiaN2FJ3Ni] <pi (I2)}as(NlN2N3) • 

The Greensfunction GNN. in (67) reads 

1 
l i m GNN- « - l i m Ö X X Ö I I — Ö ( X - X ' ) Ö A I X . . ( 7 0 ) 

mj-'oo m, -> ac 

If we substitute (70) into (67) we can perform the inte-
gration and afterwards proceed to equal times 
tl = t2 = t3=0. Furthermore, we can represent the 
propagators in the equal time limit by their leading 
terms [25] 

W i - ' * ) ( ? 1 ) 
1 

~ - (2n)-2 öiii2 y5
XlX2 mh —T Clia2 . 

\'l~ r2\ 

In general a subsequent auxiliary field summation 
produces a new order in leading terms. In the case of 
functions (71) we will, however, demonstrate that with 
respect to auxiliary field summation the leading term 
property of (71) is not destroyed. Hence this approxi-
mation is justified. If in addition the algebra is evalu-
ated we obtain from (67) the expression 

-1 1 1 

<P3 = 0 ^ 3 > M i A " J i 1 ' M ; 2 " 1 i 3 j ; TIT TI I '3 11 1*3 21 

• {[ - K3ß2 c a i a 2 + yl3ß2 (y5 C)aia2] [öX3C2 y5
XlX2] 

+ [Klß2 c*3*2 - y5
aiß2(y5 Qa3a2] Is y*3*2] 

+ [-K2ß2c.3ai + ylß2(y5 Qa3ai][yl3XlöX2E2]} 

lr3 k\ 

2 h 
1 t 

\i' i 

Y<Pi (72) 

(67) 

In this form (p3 is not properly antisymmetrized. If one 
tries to antisymmetrize (72), the last two terms of (72) 
lead to wrong results because the arrangement r3, tx3, 
x3, i3 for the arguments of cp1 cannot be achieved. 
Hence we have to omit those terms. Then cp3 reads 

G v v — 
1 

(2nY 
e ' ^ - ^ d q . (68) ( p 3 ~ {[C»«a* s*,ß2 (?5 7a3/»2] fe*, K3*2] (73) 

In the limit of large m, the integral (68) can be approx-
imately represented by 

1 
with 

(2n)4 lim J ( q ^ - m ^ e ^ - ^ d q 

— lim — <5(x — x') <5aa.. m->ao m 

r1 r2 
i 1 ii i* 

ß2*2 

ll l2 l3U2C2)*s(riZ1-r2Z2,r3Z3) 

(74) 

(69) 

Due to the necessity of decoupling, the masses in (2) 
have to be very large. Hence we approximate (68) by 

:=-gN3mhmt2mi 

lr3 k\ 
ß2 h 

^ 2 J 
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From (31) if follows that for the calculation of 
fermion-graviton coupling we need the dual state to 
(73). Dual states can be calculated by means of left-
hand side solutions of (10). We immediately specialize 
to functional states (64) for the lowest order dressed 
one-fermion wavefunctions which in one-time limit 
read {C[ l j , C'/j2 '3}. Let {Ui[ l,L\[\2l i} be a set of corre-
sponding left-hand side wavefunctions, then we have 
the scalar product [27] 

and by comparison with (14) we get 

= (9i,i,i,i) 1 ' 

^/i/2/3 = (01,i,l,r) 1 1/2/3» 

_ „1.1,1.1' (75) 

(76) 

(77) 

if g1'1'1'1' is diagonal. 
We do not directly calculate { L 1 / / , ! ^ / ^ } but use 

the general formula for the scalar product [26] 

_ 'T-I - In f - 1 • • • J 
dmk, m' k' ~ Z* ̂ m,k U/t .../„,/i .. ./i m'.k' (78) 

in order to derive (76) and (77). 
The scalar product (78) is bilinear in the amplitudes 

Cm k . In evaluating a bilinear expression we have to 
observe that in general for limit processes lim (CGC) 
# (lim C) G(lim C) and that in addition the right-
hand side may not exist at all. Hence we have to do our 
calculations ab initio, i.e. without taking into account 
limits like (70). 

Specializing to the state {C[\k, c[\[213} we obtain by 
comparison of (78) with (75) 

ii.* _ r*tl _l_ r*11/2/3 Gj\ j r*l,K ' 1 - 1 i f * (79) 

L*iVii = C*!k Gt1
1,rliit'i+ C*!k12'3 G/^Ja . / i / i /a • (8°) 

The metric tensor G _ 1 can be calculated if one ob-
serves the iteration procedure (65)-(67). This proce-

*hl2h - \ 

dure implies that for dressed fermions a definite repre-
sentation is introduced, which is defined by the 
solutions of (65). In this representation the metric ten-
sor for normal-ordered basis states reads 

Gft . i i = < 0 1 ^ ^ 1 0 ) , (81) 

Gf t , n r 2 r 3 = <010,, JT(4>n <t>ry 1 o>, (82) 

G w 3 . f i = < 0 W K 4 > M 4 > i i \ < » > (83) 

Uf ,f2f3 , f if2f3 — 

(84) 

and its evaluation yields [13] 

G/,/'j = \ ö I i r i , (85) 

G j ^ / j . / i / i / ; , = I ^/2/^/3/ ilas(f1f2f3) (86) 
while the nondiagonal elements (82), (83) vanish. Thus, 
with (79), (80), formulae (76), (77) go over into 

(87) 

RI[1I2I3 = 8 ( 9 1 , M . r ) " 1 ^ 1 ^ 1 K1 C*,1' • (88) 

To derive (gx t 1 > r )~ 1 we substitute the explicit expres-
sion (74) into (78), which in this order reads 

9i,k,i,k- (89) 

C*r i f - i s-ii'i , ^iihh 1 f-ii'ii'21'3 
l.k U f i f i ^l.k'"1" *"l,k /1/2/3»/i/2/3 l,fc' • 

Direct evaluation yields 

0i .« . i . r= C*V 2 V 1 + ^ 

(90) 

The contribution of the polarization cloud to the one-
particle norm is therefore of order g2/m2. 

Finally it should be remarked that, in contrast to 
Sect. 4, in cp3 no center of mass amplitude is used. 
Hence <p3 = C 3 directly holds. 

6. Fermion-Graviton Coupling 

The general expression for fermion-graviton coupling, i.e. anholonomic spinor connections is given by the 
last term of (31). By means of the wavefunctions of Sects. 4 and 5 we can evaluate this term in detail. In particular 
we use the graviton wavefunctions (57), and for the dual of the dressed fermion wavefunction the combination 
of (73), (74) and (88). Both of them are to be completely antisymmetrized. We write the mapping term in the 
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form 
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/{L1L2L3} ^K A / / 3 / 4
 Cl.k- VK 

= c 
I' i r 2 r3 ' 4 \ / r »"3 »-4 k \ tr' k'\ tk'\ 

«2 «3 a 4 AT ß a 3 a 4 h 
C 

a' h' 
df h' 

*t x 2 x 4 yl e t x' t' t' 

h '3 '4 / l i i3 u j \i' f> \ f l 

, „ . . n / a a, a , a \ „ 
\e xl x2 x ) 

• d 3r d V d 3 r t d 3 r 2 d 3 r 3 d 3 r 4 d 3 K d3/c'. 

Substitution of the antisymmetrized wavefunctions in (91) yields the expression 

(91) = I J d 3 r d 3 r 3 d 3 r 4 d 3 K d 3 / c V K ( 2 r + r 3 + r < ) 1 / 4 

(i) 

^ x a x - ^ Q a i a z ^ ^ W o u 2 ( r3 — r4)) (2f T3 T4.)) "1 

+ C X 3 X l C X 2 X 4 (y"C) l 3 ä i ( I^C) J 2 l 4 ^ i 3 i x ( i ( r - r 3 ) ) Z)i2l4(^ ( r - r 4 ) ) r ( J ( r 3 - • 2 

+ C * l X 4 C X 2 X 3 ( y ' Q a i a 4 ( Z ^ C ) a ^ • 3 

+ CxiXiCxiXi^y" C)aia2 ^»auCa ( r3 r 4-)) ̂ i n z ^ ) ^(4 ( r 3 + r 4 — 2**)) ' 4 

+ CX 3 X lCX 2 X 4 (y"C) a 2 a 4 ( r^C) a 3 a i Ai2iA(±(r-rj)Diii3(\(r-r3j)v(±(rt-r3)) • 5 

+ C ^ C ^ ^ C y ' O . ^ d ^ ^ C ) . ^ ( r - r ^ ) D l l l 4 ( J ( r - r j ) ( r 3 - r j ) } -6 

(91) 

(92) 

(i) 

1 

3! h 

-vl2(vhC)aia. öEX2 y5
XiX. 

+ v*AvhC)aia2öEX,y5
XiX2} -3 

J* 
r r, r, 
i i, I 3 14/<5C 

+ J* 

+ y5x3x< ö £ e (v h ' c ) a 3 a A (v h \ ß 

+ ylJx3e(vh'c)aAß(vh)da3 

j* 
r , r 

L-X U I 3 '4 WSq 
+ J* 

J*[r*rr 3] +J* 
'a I l 3 /d C 'a I 

4 / a c j 

»4 ' 3 r 

U h i/sej 

r r , r x 4 '3 
4 13/5CJ 

tr k'\ lk'\ 
a' h' 

dt 
h' 

x! t' t' 
V f ) V 

db 

(j) 

(k) 
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where we have to observe that the quantum numbers of R]£Ia are contained in definition (74). In particular X f 1 

in (92) is referred to these quantum numbers. 
The terms in (92) can be characterized by the combinations (i,j, k), 1 < i < 6 ,1 < j < 3 ,1 < k < 3. Due to the 

special form of (74) the sum over A, in k = 1, 3 yields the expression Z i m ^ = 0. Hence (ij, 1) = 0, (i,j, 3) = 0 
Vi, j, Thus we have to calculate only the terms (i,j, 2) Vi,j. By exact evaluation we get for the algebraic parts 
(-2, 2, 2) = (3, 2, 2) = (5,1, 2 ) = (6,1, 2) = -4öx.e(y°VW, while all other terms (i,j, 2) with i,j * 2,2, 3, 2, 
5,1, 6, 1 vanish. Inserting these results into (92) and observing the symmetry properties of the coefficient 
functions we obtain 

(91) = Ngig Z J d 3 r d3r3 d 3 r 4 d 3 X d3k' eiK^2r+r3+r^1/4 

L \ 3 4 1/6q \ U »3 l/6eJ 

x C 
a' 
x' 

\ r 

h 
t' 
f l 

lk'\ 
h 
t' 

\ f ! 

To evaluate (93) we define 

= mimimi
 1 J (r3 r4 r), 

(93) 

(94) 

and substitute it into (93). Then we have to calculate the expressions £ Aiihmh and £ Dhi4mi4. This can be 
hh h'4 

done by setting mi•, = m + At and by assuming At very small, A^m in comparison with m. In the one-time limit 
the leading terms of a power series expansion of Aiih and Dhi4 in A( can then be calculated and yield together 
with the regularization conditions (3) 

Z Aiih(r) mh = icx m3 f e " " V + m 2 ) " i d 3 p , 
i i«3 

Z Dhi4(r) mi4 = c 2 m J e~i"r(p2+ m2)~f d 3 p . 
h «4 

These Fouriertransforms can be directly calculated. They read 

Z Aiih(r) mh = ic\ rm A e~mr, 
i lh 

Z Di2i(r)mi4 = c'2m~2 Ae~mr, 

(95) 

(96) 

(97) 

(98) 

for large m r p 1 with real constants c\, c'2. For small r, in particular at r = 0, the integrals (95) and (96) are finite. 
Hence the functions (97), (98) are suitable testfunctions which are regular at the origin and have a rapid decrease 
at infinity. Therefore the integrals in (93) are finite. For explicit calculation we represent the one-particle states by 

lr k'\ lk'\ I1" k\ 
a' h' h Ö h 

t' = e-ik'5,rx t' f t t 7t' t' t' f t 
Q t 

\r f l \ f i 
a'x' k j ' 

= eik'öi,jf (99) 
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Then the integral in (93) is given by 

I = N'Ajg2
vg2 I [ Z Ailh{\(r-r3j)mh]\z D , a , 4 ( i ( r - r j ) m , 1 

J L» 1»3 J t-12'4 J 

x v U ( r 3 - r j \ ( ' £ k t ' n l
 1 1 1 

x X 

lk\ 
h' h 
t' 7* t t' t 
f l x'x' V 

\r~r3\2 |r —r4|2 

lk'\ 
h' 

d 3 r d 3 r , d 3 r A 8s 

t' 

V 

, i K ( 2 r + r 3 + r 4 ) 1 /4 g i k r 

dlaX(K)d3K d3k' . (100) 

Introducing r—r3=u,r—r4=v and polar coordinates in u and v, we can evaluate the integral. Furthermore, 
due to high concentration of the testfunctions at the origin « = 0, r = 0 w e can replace exp[iK(2r + r3 +r4) by 
exp(iÄ>). Thus we obtain from (100) the expression 

I = x0Aj \eik'X* 

(k\ 
h 

t) i 'v d l a X ( r , t ) d 3 r , (101) 

where we have restored the time parameter t. 
We now multiply (101) from the left with e lkr x(k, h, t,j)6 (J' and sum over k, h, t. By means of the complete-

ness relation for superspinors we obtain in this case for (101) the result 

I j e~ikr' X(k, h, t,j)dV I(k, h, t,j) d3/c = x0 Aj £ d(r', t ) i 'v ödS. öee, db^oX(r\ t) 
h,t r 

with / = J (k ,h , tJ ) . Therefore (91) goes over into 

I j c - i k - X(k, h, Uj)6.e. (91) = x 0 A, Ö,, (y° I a X £ Wrf*« ('>*) • 

(102) 

(103) 
h,t,j 

In the same way the other terms of (31) can be treated. So we eventually obtain 

- d(r', t)ie, |ST> = [«,. . V ' - y ° v m j d(r', | S > - A,x0 <5xV(y0£ff V W £ W t)Jv t) . (104) 

Equation (104) is the functional formulation and description of a Dirac field coupled to anholonomic 
connections. The physical content of (104) can be illustrated if one retranslates the functional equation (104) into 
its classical precursor. This can be achieved by the ansatz, see [14], 

with 
= e Z o [ b ' j ] \ 0 } F 

Z0[b,j] := i | J(r\ tiB 0 ' c ( r ' , t) d V + j t) r ^ . t f , t) d V , 

(105) 

(106) 

where the classical amplitudes (t>{e(r', t), r^ ae(r', t) are interpreted as one-particle transition matrixelements of 
the corresponding quantized fields 0 o p and F o p : 

4>ie(r\ t) := <0| 4>{e(r\ t)°"|a>, t) := <0 |r^ a Q ( r ' , t f | a > 

Substitution of (105) in (104) leads to the equation 

(107) 

dt 
t) = [«, . , • V - i y J v m j t)-iA,.*0<5x V(y° V W (r',t) Z t), (108) 
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i.e. an ordinary parity transformed Dirac equation in an external gravitational field and in complete anholo-
nomic formulation [15]. The summation over i' and the constant are a relic of nonperturbative Pauli-Villars 
regularization. This relic disappears if the transition from nonobservable subfermions to observable fermions 
is performed. Furthermore, the transformation from anholonomic to holonomic coordinates can be performed 
if not only the effective fermion equation but also the effective graviton equation (29) is thoroughly investigated 
and its differential geometric meaning is clarified. This problem will be the subject of forthcoming papers. 
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